Abstract. A deformation U, of a graded K-algebra A is said to be of PBW type if gr U is A. It has been shown for Koszul and N-Koszul algebras that the deformation is PBW if and only if the relations of U satisfy a Jacobi type condition. In particular, for these algebras the determination of the PBW property is a finite and explicitly determined linear algebra problem. We extend these results to an arbitrary graded K-algebra, using the notion of central extensions of algebras and a homological constant attached to A which we call the complexity of A.
Introduction
We are interested in certain deformations of graded algebras A over a field K obtained by altering the defining relations of A. For reasons explained below, these deformations are called PBW-deformations. An example is the universal enveloping algebra Ug of a Lie algebra g, which is a deformation of the symmetric algebra Sg. In general, determining when a given deformation U of A is a PBW-deformation is a very di‰cult problem. However it has been shown by Polishchuk and Positselsky [13] and Braverman and Gaitsgory [4] that for a Koszul algebra A it su‰ces to verify a comparatively simple condition on the defining relations of U. In the case A ¼ Ug this condition coincides with the Jacobi identity for the Lie bracket on g, and so we call it the Jacobi condition.
Motivated by the cubic Artin-Schelter (AS) regular algebras, Berger [2] introduced the notion of N-Koszul algebras as a generalization of Koszul algebras. A graded algebra A is N-Koszul if all of its relations are in degree N and its Yoneda Ext-algebra is generated by Ext 1 ðK; KÞ and Ext 2 ðK; KÞ. Two recent papers ( [3] and [9] ) have shown that a Jacobi type condition holds for N-Koszul algebras. In particular, Fløystad and Vatne [9] explicitly calculate the PBW-deformations of the cubic AS regular algebras. Remarkably, the stipulations in their list of PBW-deformations are identical to those given previously in [5] for central extensions of cubic AS regular algebras to be AS regular. Our work here was motivated by the desire to explain this phenomenon.
Throughout this paper the term K-algebra is used to denote an algebra over the field K that is finitely generated by degree 1 elements and has a finitely generated set of relations, i.e. an algebra of the form A ¼ Khx 1 . . . x n i=hr 1 ; . . . ; r m i:
We may and will assume that none of the relations r i are linear. Such an algebra inherits a filtration, F k ðAÞ, from the standard filtration on the free algebra Khx 1 ; . . . ; x n i.
The free algebra Khx 1 . . . ; x n i also carries a standard grading. If the relations r 1 ; . . . ; r m are all homogeneous, then A inherits a grading from the free algebra. We denote the component of degree n by A n and we use the phrase graded K-algebra to describe this situation. We will assume that r 1 ; . . . ; r m is a minimal set of relations for A. When A is graded it is also augmented by A ! A=A þ ¼ K.
Let A be a graded K-algebra as above, with relations R ¼ fr 1 ; . . . ; r m g. Let T be the free algebra Khx 1 ; . . . ; x n i. By a deformation of A we mean a K-algebra U ¼ T=hr 1 þ l 1 ; . . . ; r m þ l m i, where l 1 ; . . . ; l m are (not necessarily homogeneous) elements of T such that degðl i Þ < degðr i Þ for all i. The filtered algebra U is not, in general, graded, but it has an associated graded algebra grðUÞ ¼ L grðUÞ k , where
The classical Poincaré-Birkho¤-Witt Theorem says that for a Lie algebra g the associated graded ring grðUgÞ is isomorphic to the symmetric algebra Sg. This observation inspired the following definition (see [13] or [4] ). Definition 1.1. The deformation U, of the graded K-algebra A, is said to be a PBWdeformation if gr U is isomorphic to A as a graded algebra.
PBW-deformations of quadratic algebras have been studied recently in [8] , [10] and [7] . PBW-deformations of N-homogeneous algebras have been studied recently in [3] and [9] . Deciding whether or not a given deformation is PBW appears to be an infinite linear algebra problem. The primary goal of this paper is to determine the conditions under which this can be reduced to a finite linear calculation and to ascertain precisely what that linear problem entails. We answer these questions by translating them into questions about a larger graded ring.
Let T½z ¼ T n K K½z be the polynomial extension of T. This is naturally graded by the Kü nneth formula. Define a function h :
Let A be a graded K-algebra and U a deformation of A, as above. The central extension of the graded K-algebra A associated to U is the algebra D :¼ T½z=hhðr 1 þ l 1 Þ; . . . ; hðr m þ l m Þi. This algebra is a graded K-algebra with one more generator than A and n more relations (the commutation relations for z). We relate the notion of PBW-deformation directly to the notion of regular central extension through the following theorem. It is very simple to show that the Jacobi condition of [4] or [13] for deformations of Koszul algebras is equivalent to the statement that z is not a zero divisor on D 2 . Likewise the Jacobi condition from [3] or [9] for N-Koszul algebras can be interpreted as the statement that z is not a zero divisor on D N (and hence on D eN ). In both cases, the Jacobi condition assures that the deformation is PBW. In light of the theorem above, this suggests that in general one may be able to determine the regularity of the element z from knowing its regularity only in some specific low degree. This is exactly the case and the appropriate degree is given by the following definition. This homological invariant of the algebra A provides the precise measurement required to bound the size of the linear algebra problem attached to the PBW property. We can now state our main theorem. Since the complexity of a Koszul algebra is 0 or 2, and the complexity of an N-Koszul algebra is 0 or N, the PBW deformation results cited earlier in these two cases become special cases of 1.5. On the other hand, a quadratic algebra can easily have complexity 2 without being Koszul, so even in the quadratic setting 1.5 is seen to strengthen the classical result. Moreover, the theorem has the advantage of dealing with algebras with relations in mixed degrees and does not in any way rely on homological purity. Theorem 1.5 is a consequence of a more complete statement given in section 3 as Theorem 3.6. This theorem also gives a simple criterion for regularity of z through a single matrix equation involving the minimal projective resolution of the trivial module K,
This is probably the most compact and easily verified condition with which to check regularity. We refer the reader to section 3 for the necessary notation.
It may be convenient to have the regularity criterion of Theorem 1.5 reexpressed in terms of the original deformation U. This is accomplished by translating the hypothesis: z is not a zero divisor on D ec , back into a set of conditions on the relations of U. We refer the reader to section 4 for the precise formulation of this translation, which we call a Jacobi condition.
Section 2 contains the proof of Theorem 1.3 in a slightly stronger form. Section 3 introduces the necessary constructions and homological algebra required to prove Theorem 3.6, and as a corollary Theorem 1.5. In section 4 we give the Jacobi condition which solves the orginal problem and in section 5 we present a small number of interesting and motivating examples.
Finally, we want to note the relationship of this paper to another line of inquiry. The following lemma is easy to prove. In other words, having Ext A ðK; KÞ generated in low cohomological degree is an e¤ec-tive way to limit the size of cðAÞ. Green et al. [11] have shown N-Koszul algebras satisfy the hypothesis of the lemma, and it is well known that the class of Koszul algebras is precisely the class of graded algebras for which Ext A ðK; KÞ is generated by Ext 1 A ðK; KÞ. The lemma, together with Theorem 1.5 leads us to make the following definition. Definition 1.7. We say that the graded K-algebra A is K 2 if Ext A ðK; KÞ is generated as an algebra by Ext The class of K 2 algebras will be studied in depth in the companion paper [6] .
Proof of Theorem 1.3
Theorem 1.3 will be an immediate consequence of the following stronger statement. Throughout we have a fixed graded K-algebra A, a deformation U and the associated central extension D.
Let R ¼ fr 1 ; . . . ; r m g be the set of relations of A and P ¼ fr 1 þ l 1 ; . . . ; r m þ l m g the set of relations of U. The set of relations of D in T½z is then hðPÞ. We note: hhðPÞi 3 hðhPiÞ in T½z. Let p : T ! gr U be the natural epimorphism. Since pðRÞ ¼ 0, we may factor p through A to obtain F : A ! grðUÞ given by Fðx þ hRiÞ ¼ pðxÞ. This graded K-algebra homomorphism is always surjective.
Let p D : T½z ! D be the canonical epimorphism. We consider T to be a subalgebra of T½z. Let f 1 ; f 0 : T½z ! T be the maps which evaluate at z ¼ 1 and z ¼ 0 respectively. These maps and those used in the next section are summarized in the following diagram.
Theorem 2.1. The map F : A ! gr U is injective in degrees 1 e i e p if and only if the central extension D is regular to degree p.
Proof. Assume first D is not regular to degree p. This means that the set
is not empty. We choose x A S of minimal degree and choose the smallest k for which z k x A hhðPÞi. We may then write x ¼ x 0 þ zy for some x 0 A T and y A T½z with degðyÞ < degðxÞ. Since
It follows that pðx 0 Þ is 0 in grðUÞ and hence x 0 þ hRi is in the kernel of F.
We claim that x 0 is not in hRi, which will prove that F is not injective on A ep . Suppose to the contrary that x 0 A hRi. We may choose a representation of x 0 as
For the converse, assume that D is regular to degree p. Choose a homogeneous x A T ep such that x þ hRi is in the kernel of F. Then there is some (not necessarily homogeneous) y A T of lower degree than x, such that x þ y is in hPi.
Hence F is injective, as required. r We extend f to the functor f : Mod-D ! Mod-A via M 7 ! M=zM. We also use f to denote the epimorphism f : T½z ! T given by evaluation at z ¼ 0.
For any graded vector space V ¼ L k V k , let V ð jÞ be the same vector space with the shifted grading V ð jÞ k ¼ V jþk . We will be dealing with graded-free resolutions of A and D modules, with generators in many di¤erent degrees, so it is convenient to introduce the
Að j i Þ.
Let ðQ; dÞ be a fixed minimal projective resolution of the trivial left A-module
The modules Q k are graded-free modules, but may not be finitely generated. However, the number of generators in any given degree must be finite since A is locally finite as a graded vector space. Recall that p A : T ! A is the canonical epimorphism. We choose a graded basis for each Q k and we choose a matrix M k , with homogeneous entries from T, such that right multiplication by In general, the matrix M n , for n > 2, may not be finite, but local finiteness assures that it will have at most finitely many nonzero entries in every row and at most finitely many entries of a given degree in any column.
Since the resolution Q consists of graded-free modules, we may express each Q n as:
Q n ¼ Aðm 1; n ; m 2; n ; . . . ; m t n ; n Þ:
For n > 2, t n may be countably infinite. We will abuse notation slightly by treating t n as if it is finite, but the reader should have no trouble making the appropriate adjustment in the constructions that follow. Note that the shifts m i; n are all nonpositive, indeed m i; n e Àn for all i. The matrix M n is a t n by t nÀ1 -matrix, whose i-j entry is a homogeneous element of T of degree m i; n À m j; nÀ1 .
We record the following obvious lemma.
Lemma 3.1. If the global dimension of A is at least 3, then the complexity cðAÞ is the supremum of the degrees of the entries of the matrix M 3 M 2 . In particular, cðAÞ is finite if and only if M 3 is a finite matrix.
We now turn to building sequences of graded-free modules for the central extension D. LetQ Q 0 ¼ D and for n f 1 put Q Q n ¼ Dðm 1; n ; m 2; n ; . . . ; m t n ; n Þ l Dðm 1; nÀ1 ; m 2; nÀ1 ; . . . ; m t nÀ1 ; nÀ1 ÞðÀ1Þ:
We exhort the reader to remark on the extra degree shift in the second term of this definition. Let I t denote the t by t identity matrix. For each n > 1, let f n be a t n by t nÀ2 matrix with homogeneous entries from T½z which satisfies:
Such f n exists because the entries of M n M nÀ1 are all in hRi. Next, define matricesM M n , with homogeneous entries in T½z, byM
These matrices may well be infinite, but they have the same finiteness conditions on rows and columns as the matrices M n . Finally, we defined d n :Q Q n !Q Q nÀ1 to be right multiplication by the matrix
Remark 3.2. There is no assurance that ðQ Q;d dÞ is a complex. Indeed, determining when it is a complex is our main concern. We do have, by construction, 
To ease notation, we suppress p A in all of the following calculations. For n f 2, let ðp; p 0 Þ be in the kernel of fðd d n Þ. Then À pM n ; pfð f n Þ þ p 0 M nÀ1 Á ¼ ð0; 0Þ. Since ðQ; dÞ is acyclic, we may choose q A Q nþ1 for which qM nþ1 ¼ p. Then
and we may choose q 0 A Q n ðÀ1Þ for which
It is clear from the proof of the lemma that whenQ Q is a complex, then fðQ QÞ is the mapping cone of a morphism of complexes f : QðÀ1Þ ! Q. The following lemma has the same proof as the lemma above.
It seems that the following lemma should be standard, but we include its proof. Proof. Assume z is regular. We have
Thus p D ðM n f nÀ1 þ f n M nÀ2 Þ ¼ 0, and so by Remark 3.2, ðQ Q;d dÞ is a complex.
By the definition ofd d 1 we have H 0 ðQ QÞ ¼ K. Consider the short exact sequence of complexes
SinceQ Q is a complex of z-torsion-free modules, we have zQ Q GQ QðÀ1Þ and moreover HðzQ QÞ ¼ H ÀQ QðÀ1Þ Á ¼ HðQ QÞðÀ1Þ. In particular, H 0 ðzQ QÞ ¼ KðÀ1Þ.
If we apply this information to the long exact homology sequence induced by the short exact sequence above, recalling from Lemma 3.
and for all n > 1,
Thus for all n f 1, H n ðQ QÞ ¼ H n ðzQ QÞ ¼ H n ðQ QÞðÀ1Þ. Since all of these modules are bounded below in internal degree, this can only happen if they are all 0. This proves that ðQ Q;d dÞ is a projective resolution of K. Since the modules inQ Q are all graded and every nonzero entry of the matricesM M n is homogeneous of degree at least 1, it follows immediately that the resolution is minimal. r As we will see in the following theorem, the regularity of z in D can be detected entirely by theQ (2) The sequence of graded D-modules ðQ Q;d dÞ is a complex.
(5) The sequence of graded D-modules ðQ Q;d dÞ is a minimal projective resolution of K.
Proof. In light of Lemma 3.5 and Remark 3.2, we are required only to prove that (3) implies (1) and so we begin by assuming (3). Let
Let L ¼ Ann D ðzÞ. We must show that this graded two-sided ideal of D is zero. Let a : DðÀ1Þ ! Dz be the epimorphism b 7 ! bz, with kernel LðÀ1Þ. Since
0Q
Q consists of free D-modules, we can extend a appropriately and get a short exact sequence of complexes:
We also have the short exact sequences of complexes
The long exact homology sequence of the second of these short exact sequences, taking into account Lemma 3.4, yields
Since The long exact homology sequence of the first short exact sequence above now yields
Since L is bounded below, this can only be 0 if L is 0, as required. r
We have everything we need to prove Theorem 1.5, which follows from the restatement below. Proof. From Theorem 3.6, it su‰ces to prove that
as shown in the proof of 3.5. So it su‰ces to show that every entry of M 3 f 2 þ f 3 M 1 has degree at most cðAÞ.
Recall that Q n ¼ Aðm 1; n ; . . . ; m t n ; n Þ. We have m i; 1 ¼ À1 for all i and fÀm 1; 2 ; Àm 2; 2 ; . . . ; Àm t 2 ; 2 g is the set of degrees of the relations r 1 ; . . . ; r m ðm ¼ t 2 Þ. The i-j entry of M 2 thus has degree À1 À m i; 2 . Similarly, the i-j entry of M 3 has degree m j; 2 À m i; 3 . It follows that the i-j entry of M 3 M 2 has degree À1 À m i; 3 . Since p D ðM 3 M 2 þ f 3 zÞ ¼ 0 in D, the i-j entry of f 3 must have degree À2 À m i; 3 . Similarly, the i-j entry of f 2 has degree À1 À m i; 2 . Putting this all together, we see that the i-j entry of M 3 f 2 þ f 3 M 1 has degree À1 À m i; 3 . By hypothesis, this is at most cðAÞ, as required. r
Jacobi conditions
We return to the case of a deformation U of the graded algebra A. As before, let R ¼ fr 1 ; . . . ; r m g be the set of homogeneous relations of A and P ¼ fr 1 þ l 1 ; . . . ; r m þ l m g be the set of nonhomogeneous relations of U. Let D be the central extension associated to this deformation.
We make an inductive definition of a nested family of subspaces of the free algebra T. Let V be the K-span of the generators x 1 ; . . . ; x n of T.
We see at once that P 2 is the span of the quadratic elements of P, P 3 the span of the quadratic and cubic elements of P plus the cubic relations generated by P 2 , etc. It is clear that P 1 H P 2 H P 3 H Á Á Á and that S k P k ¼ hPi. It should also be clear that P k is not, in general, equal to hPi X F k T. For example, if P ¼ fx 2 y À w; y 3 À wg, then x 2 w À wy 2 A hPi X F 3 T, but P 3 is just the K-span of P, which does not contain x 2 w À wy 2 .
We need one simple lemma. Let f 1 : T½z ! T be the epimorphism given by evaluation at z ¼ 1. Recall the homogenization function h : T ! T½z. We omit the proof.
We can now restate Theorem 1.5 in the language of a Jacobi type condition.
Theorem 4.2. Let A be a graded K-algebra of finite complexity cðAÞ and let U be a deformation of A. Then U is a PBW-deformation of A if and only if P 1 ¼ 0 and the following Jacobi condition is satisfied:
Proof. Let D be the central extension of A associated to the deformation U. By combining Theorems 1.5 and 1.3, we see that we are required to prove that z is not a zero divisor on D ecðAÞ if and only if the Jacobi condition is satisfied.
Assume the Jacobi condition and suppose also that z is a zero divisor on D ecðAÞ . Then for some x A T½z k , k e cðAÞ, with x B hhðPÞi, we have zx A hhðPÞi kþ1 . By Lemma 4.1, we have f 1 ðzxÞ ¼ f 1 ðxÞ A P kþ1 X F k T. Conversely, assume the Jacobi condition fails. Then for some k e cðAÞ, there is a w A P kþ1 X F k T such that w B P k . Let x ¼ hðwÞ A T½z k . Then f 1 ðxÞ ¼ w, so x B hhðPÞi k , but fðzxÞ ¼ w A P kþ1 , so zx A hhðPÞi kþ1 . Thus z is a zero divisor on D ecðAÞ . r Remark 4.3. If A is N-Koszul then P i ¼ 0 for i < N and P N is the K-span of P. It then follows directly from Theorem 4.2 that the Jacobi condition given in [3] and [9] is equivalent to z being regular in degree N. Hence the PBW-deformation theorems in [3] and [9] for N-Koszul algebras can be recovered using the Regularity Theorem 1.5.
Examples
We conclude with a very short list of examples. The complexity of such algebras is thus 3. Perhaps the most interesting case, from the complexity point of view, is the 2-generated AS regular algebras of dimension 4, which have one cubic relation, and one quartic relation. These algebras have been studied extensively by Lu et al. [12] . For such an algebra there is a minimal resolution of the form 0 ! AðÀ7Þ ! AðÀ6Þ 2 ! AðÀ3; À4Þ ! AðÀ1Þ 2 ! A ! ! K:
Hence these algebras have complexity 5.
Infinite complexity is easily arranged.
Example 5.2. Let A ¼ Khw; x; y; zi=hyz; zx À xz; zwi. Using the facts that x n z 3 0 in A but yx n z ¼ 0 in A, one can establish that A has global dimension 3 and a minimal projective resolution: 0 ! AðÀ3; À4; À5; . . .Þ ! AðÀ2Þ 3 ! AðÀ1Þ 4 ! A ! K ! 0:
Hence cðAÞ is infinite.
And finally, using an essentially trivial example, we can show that even when the complexity of A is not 0, it need not be as large as the maximal degree of the relations of A. 
